The forced response of a mistuned bladed disk can be significantly amplified compared to that of a tuned bladed disk. Various reduced-order models have been studied to predict the response of mistuned bladed disks. Most of these models have been tested only for simple mistuning cases that may not be realistic for actual systems. In this paper, a new approach to generate a general reduced-order model for a mistuned system is presented. From this general formulation, a compact reduced-order model for small blade mistuning is also derived in which mistuning is projected to tuned-system normal modes using modal participation factors of cantilevered-blade component modes. The presented mistuning projection method can estimate the effects of complicated mistuning easily from measurable modal mistuning values of mistuned blades.
Introduction
A bladed disk consists of a set of disk-blade sectors that are assumed to be identical. In practice, however, there are always small variations in the structural properties of individual blades resulting from manufacturing tolerances, material deviations, and operational wear. These variations are referred to as mistuning. Due to mistuning, the vibratory response of a real bladed disk may be significantly different from that of a nominal (tuned) bladed disk. There has been a significant amount of research on understanding and predicting the dynamic behavior of mistuned bladed disks. Many of these studies have employed lumped parameter models. [1] [2] [3] [4] [5] [6] [7] [8] [9] Although a lumped parameter model can provide a basic understanding of the influence of mistuning, it cannot be used to predict quantitatively the dynamic response of an actual bladed disk.
Therefore, finite element models of bladed disks have been employed to yield reduced-order models by using component mode synthesis, 10-17 a receptance technique, 18 classical modal analysis with mistuning projection, 19 or the exact relationship between the responses of tuned and mistuned systems. 20 The major differences among these reduced-order model techniques are the substructuring approach and the mistuning implementation.
In general, the reduced-order models are obtained by substructuring a bladed disk into disk and blade components, except for two recent approaches. 19, 20 These two approaches use tuned-system normal modes without substructuring to obtain a reduced-order model or compute the forced response of a mistuned system. One advantage of avoiding substructuring is that there is no additional error introduced for the responses of a tuned system. Yang and Griffin's approach 19 is especially notable. Since the number of tuned-system normal modes required is on the order of the number of blades, the size of the model is smaller than those of any other models. Petrov et al. 20 also developed a unique method to compute the forced response of mistuned systems using the frequency response function matrix, which is obtained from tuned-system normal modes, instead of building a mistuned reduced-order model. But, in order to include aerodynamic coupling effects, tuned responses should be obtained by solving aerodynamic equations and structural dynamic equations at the same time, which is very costly.
The implementation of mistuning is also a very important item when a reduced-order model is evaluated, because a reduced-order model should be able to simulate actual mistuned systems. Castanier et al. 13 included mistuning in a component-based reduced-order model by varying blade modal stiffnesses that appear explicitly in a synthesized stiffness matrix. Bladh et al. 14 extended this method by introducing the projection of mistuning to the normal modes of a tuned cantilevered blade that is fixed at the disk-blade interface. This mistuning projection method has great potential for general implementation in reduced-order models. Since only modal stiffness variations are directly employed in a reduced-order model, the implementation of mistuning is quite efficient. In addi-tion, because different variation patterns can be used according to the mistuned frequencies of individual modes, a mistuned system can be modeled realistically. Yang and Griffin 19 also used a method based on a similar mistuning projection. However, since mistuning in physical coordinates is directly projected to tuned system modes, the mistuned mass and stiffness matrices in physical coordinates (which are not measurable) are required to be estimated. Therefore, only the case in which mistuned stiffness matrices are proportional to the nominal matrix was presented. Petrov et al. 20 used the FRF matrix to compute the forced response of mistuned systems without knowing the natural frequencies and mode shapes of mistuned systems. Still, this new method requires tuned-system normal modes to build a FRF matrix, tuned forced responses, and mistuning in physical coordinates. So, again, mistuned mass and stiffness matrices in physical coordinates need to be estimated. Therefore, in terms of the practical implementation of mistuning, it is clear that the mistuning projection method of Bladh et al. 14 is useful, except that it is assumed that the mode shapes of mistuned and tuned blades are same and that only stiffness mistuning is present.
In this paper, a general reduced-order model for a mistuned system is formulated. A mistuned system is represented by the full tuned system plus virtual mistuning components, and a hybrid interface method is employed in order to combine them. The mistuning components are composed of only mass and stiffness deviations from the tuned case. All the degrees of freedom in the mistuning components are considered to be interface degrees of freedom. Since no assumption is made about mistuning during the formulation, the resulting general formulation is applicable to any mistuning case, regardless of whether mistuning is small or large.
Most previous research on mistuned systems has been based on an assumption that mistuning is small, which is not necessarily the case. If there is large mistuning, such as fractures at the tip of a blade, or a significant geometric variation, it is necessary to include many more tuned-system modes or tuned component (disk and blade) modes in the reduced-order models. This is due to the fact that the mass or stiffness matrices can be changed significantly, and the mode shapes of a mistuned blade can be completely different from those of a tuned blade. Because of this difficulty, large mistuning has not been previously captured by a reduced-order model (ROM). In this work, the general formulation allows the generation of an accurate ROM with a reasonable size by employing attachment modes of a tuned system. Using the general ROM for a mistuned system, a largely mistuned system can be modeled and studied. Furthermore, intentional mistuning, which may be not small in local areas, can be efficiently studied.
From the resulting general formulations, a reducedorder model for small mistuning is also derived. This new ROM has the same tuned mode basis, and thus the same small number of degrees of freedom (DOF), as that of Yang and Griffin's method. 19 Blade mistuning is implemented by a mistuning projection approach that was originally developed by Bladh et al. 14 and has been refined for generalized blade mistuning cases in this paper. By using the mistuned mode shapes and natural frequencies of only a few cantilevered-blade modes, any type of structural mistuning can be accurately modeled in an ROM. This new approach to small-mistuned bladed disks is referred to as a component mode mistuning (CMM) method. In the preceding studies, 14-16 a bladed disk was substructured into disk and blade components in order to project mistuning to the normal modes of a cantilevered blade. Here, by using modal participation factors of the cantilevered blade normal modes to describe the blade motion in the tuned-system normal modes, the CMM method successfully projects mistuning to cantileveredblade normal modes without requiring a componentbased representation for the full system. Furthermore, by investigating these modal participation factors, just a few dominant cantilevered-blade normal modes can be used for the mistuning projection.
A major advantage of this method is that, even when there is mistuning in only part of the blade such that the individual modal mistuning patterns are different from each other, the influence of mistuning may still be estimated accurately. That is, any arbitrary pattern of mistuning in the physical mass and stiffness matrices can be efficiently and accurately implemented in a compact reduced-order model using modal mistuning values for a few cantilevered-blade modes. This feature is especially useful for the case in which two groups of bladedominated modes of the tuned system are closely spaced.
The CMM method is also convenient in implementing aerodynamic coupling effects. Aerodynamic coefficients are typically calculated by unsteady aerodynamic codes based on a set of cantilevered-blade normal modes in a cyclic assembly, using a complex cyclic coordinate transformation.
21 Therefore, the modal participation matrix of cantilevered-blade modes, which is used for mistuning projection, can be readily utilized to transform the calculated aerodynamic coefficients from complex cyclic coordinates to tuned-system modal coordinates.
One of the primary contributions of this paper is that a general reduced-order model for a mistuned system is formulated in a systematic manner, regardless of whether mistuning is small or large. Therefore, the effects of various large structural variations can be studied using an ROM. Another contribution is that, for small mistuning, a compact modeling framework for a bladed disk influenced by aerodynamic coupling and general-2 American Institute of Aeronautics and Astronautics ized small blade mistuning is presented. In particular, by introducing modal participation factors in the description of the blade motion in tuned-system normal modes, aerodynamic coupling and mistuning are easily implemented. Furthermore, it is found that a few dominant cantilevered-blade normal modes can be identified to represent the blade motion of the full system, and the corresponding modal mistuning values are sufficient to represent the influence of real mistuning. This paper is organized as follows. The general formulation of a reduced-order model for a mistuned system is presented in Section 2. From this general formulation, a CMM representation for small blade mistuning cases is derived in Section 3. In Section 4, the general formulation is validated by comparing the results of the finite element model (FEM) and the ROM for an industrial turbomachinery rotor with a rogue blade which means large mistuning. In section 5, the CMM approach is applied to the test case industrial rotor and validated by comparing CMM results with FEM results. The test cases cover non-proportional mistuning as well as proportional mistuning, and a shrouded rotor is also tested. The conclusions are summarized in Section 6.
General Reduced-Order Model for a Mistuned System
A mistuned bladed disk is substructured into a tuned bladed disk and virtual components of which mass and stiffness matrices are defined by the difference between the mistuned system and the tuned system, as shown in Fig. 1 . These virtual components are called mistuning components. Since the response of a bladed disk is much more sensitive to mistuning in blades than that in the disk, only blade mistuning is considered in this study. However, the proposed substructuring approach can be applied to any mistuned system.
In order to combine a tuned system and mistuning components, a hybrid interface method is employed. A Here, it should be noted that, since all the DOF in mistuning components are interface DOF, they do not have component normal modes. Therefore, constraint modes, which become an identity matrix in this case, are enough to describe the motion of mistuning components. The equations for the free-interface component (a tuned system) can be expressed using its normal modes and attachment modes as follows: For mistuning components, the mass and stiffness matrices in modal coordinates are the same as those in physical coordinates.
+
where¨is an identity matrix representing constraint modes, and
are the corresponding modal coordinates. Now, the component assembly is achieved by satisfying displacement compatibility over the component interface (i.e., S ¦ ¢
. Also, a new method to implement mistuning in the simplified ROM is presented.
For small mistuning, blade-alone natural frequency deviations are usually used to represent mistuning in the ROM. The new method presented in this paper for the implementation of mistuning also employs mistuning values in modal coordinates that can be obtained from natural frequencies and mode shapes. The direct use of modal mistuning values is efficient, especially in Monte Carlo simulations for which a number of mistuning patterns are required as inputs. Since the new method uses mistuning in modal coordinates of component modes of a tuned blade, it is called Component Mode Mistuning (CMM) method in this paper.
Approximation by Small Mistuning
Recently, Yang and Griffin reported on modal interaction 22 and applied the results to the modeling of mistuned bladed disks. 19 The main idea for their method is that, when a tuned bladed disk assembly has normal modes closely spaced in a frequency range, a slightly mistuned bladed disk also has normal modes closely spaced in the same frequency range, and thus the mistuned normal modes can be captured by a subset of the tuned normal modes. This means that other tuned normal modes outside of the frequency range of interest, or any static modes, can be ignored in modeling a mistuned system with small mistuning. is the number of blades. Since, in most cases, a bladed disk has high modal density in some frequency ranges and the number of normal modes in each of those frequency ranges are on the order of the number of blades, Eq. (7) can represent a small-mistuned bladed disk accurately with matrices of order V . It can be observed in Eq. (7) that mass and stiffness deviation matrices in physical coordinates are projected to the blade portion of tuned-system normal modes. Note that, in this study, only blades are considered to have mistuning. In order to obtain the reduced mass and stiffness matrices, it is required to estimate 
Component Mode Mistuning (CMM) Projection
Bladh et al.
14 introduced a mistuning projection method for an ROM. In this method, mistuned mass and stiffness matrices in physical coordinates are projected to the normal modes of a cantilevered tuned blade which is fixed at its root. Using this method, non-proportional mistuning could be implemented efficiently. However, it was assumed that the mode shapes of tuned and mistuned blades were the same. Since the ROM was generated by substructuring a rotor into a disk and blades, the model size was larger than that of Yang and Griffin's model, 19 which is on the order of the number of blades in the bladed disk.
In this section, the blade portion of tuned-system normal modes in Eq. (7) . And also, it will be shown that the mistuning projection method does not necessarily require the tuned and mistuned mode shapes to be the same.
For this projection, first of all, the modal participation factors need to be obtained for cantilevered-blade component modes that represent the blade motion in tunedsystem modes. If only cantilevered-blade normal modes are used to describe the blade motion, the displacements at the boundaries (e.g., blade-disk boundary, shroud-toshroud boundary) cannot be described. Therefore, additional modes to describe the boundary are required. Here, the additional modes are defined as follows:
where CB corresponds to the interior DOF of a cantilevered blade, and¨corresponds to the boundary DOF which are fixed when cantilevered-blade normal modes are obtained. And the number of these boundary modes is the same as the number of the boundary DOF so that all the boundary motion can be described. But, it is not possible to measure the mistuning values corresponding to these additional boundary modes. So, it is proposed that boundary modes are determined to minimize their contribution in projecting mistuning and can finally be ignored. Since mistuning may be random, the nominal mass and stiffness matrices of a blade ( CB , ¡ CB ) are used in minimizing the contribution of boundary modes. Then, the mass and stiffness projections to the boundary modes become
where the subscript i and b denote the interior DOF and the boundary DOF respectively. Now, by taking the first variation of § ¡ and § ¦ in CB , the boundary modes to minimize the mass and stiffness projections, CB¨¡ and CB¨¦ , can be obtained from the following equations:
Since the nominal mass and stiffness matrices are used for the projections, the projections represent kinetic energy and stiffness energy of a tuned blade by the boundary motion. Therefore, the obtained boundary modes are the modes to minimize their contribution in kinetic energy and stiffness energy of a tuned blade. It can also be observed from Eq. (9) that, if no mistuning exists in boundary elements, only CB ii and ¡ CB ii will be used for Eq. (8) and (9), and the boundary modes will be null matrices and provide no contribution to the mistuning projection. Here, it should be noted that CB¨¦ is the set of Craig-Bampton constraint modes of a cantilevered blade. Now, the blade motion in tuned-system modes is described by cantilevered-blade normal modes and boundary modes as follows: 
where
and denotes a Kronecker product. The modal participation factors can be easily calculated because a tuned system is a structure with cyclic symmetry (see Appendix). Inserting Eq. (11) into Eq. (7), the reduced mass and stiffness matrices become 
are not necessarily proportional to the nominal matrices, Eq. (12) can be used for any mistuned bladed disk. But, it is still required to know the mistuning values related to the boundary modes, which cannot be measured. Now, suppose that the displacements at the blade structural boundaries in the tuned-system normal modes are very small, so that kinetic energy and strain energy due to the boundary displacements are negligible, or that there is no mistuning in the boundary elements. Then, only the dominant cantilevered-blade normal modes are sufficient to project mistuning without losing accuracy. In that case, the partitions related with boundary modes can be ignored and the reduced mass and stiffness matrices can be approximated as follows: 
and is a set of dominant cantilevered-blade normal modes. Now, the estimation of the modal mistuning values (
is discussed. These mistuning values can be computed if the natural frequencies and mode shapes of mistuned blades are known and the mode shapes of a tuned and mistuned blades are similar, which is usually the case when mistuning is small. For example, the approximate expression for the diagonal terms of 
where CB is consisting of the eigenvalues of a tuned cantilevered blade. This estimation of modal mistuning values can be a good approximation because the mode shapes of tuned and mistuned blades are almost the same when mistuning is very small. Note that these eigenvalue mistuning values are already employed in the study by Bladh et al. 14 So far, the synthesized mass and stiffness matrices of a reduced-order model have been derived using the CMM technique, as in Eq. (12), (13), and (14), and the method to determine the modal mistuning values from the eigenvalues and mode shapes of mistuned blades has been discussed. In the next section, aerodynamic coupling matrices are discussed.
Aerodynamic Coupling
Typically, aerodynamic coefficients are obtained using unsteady aerodynamic codes based on a set of cantilevered-blade normal modes in a cyclic assembly using a complex cyclic coordinate transformation. 21 Therefore, using the modal participation factors that can be computed in the same way as in the CMM method, aerodynamic coefficients can be projected to the normal modes of a tuned system.
Aerodynamic coefficients related to mass, ¤ ¥ ¡ , obtained by using cantilevered-blade normal modes in complex cyclic coordinates are represented by the aerodynamic coupling mass matrix in the physical coordinates, 
In the same way, the aerodynamic coupling stiffness ( a ) and damping ( a ) matrices can be obtained. Eventually, the equation of motion for a smallmistuned system influenced by aerodynamic coupling can be expressed as
Large Mistuning Case Study
The industrial rotor illustrated in Fig. 1 is used in this study. This rotor is the second stage of a four drum compressor rotor used in an advanced gas turbine application. The rotor features 29 blades. The design is referred to as a blisk, since the blades and disk are machined from a single piece of material. The rotor model is clamped at the ribs located at the outer edge of the disk, which is a rough approximation of boundary conditions due to neighboring stages. The rotor model is constructed with standard linear brick elements (eight-noded solids). There are 126,846 DOF in the full model. Fig. 2 displays the tuned natural frequencies versus number of nodal diameters for the studied rotor. A finite element model of a sector of the rotor was used to obtain the tuned natural frequencies and normal modes. The nearly horizontal connecting lines correspond to tuned-system normal modes dominated by blade motion, while the slanted connecting lines correspond to tunedsystem normal modes dominated by disk motion. Hence, the horizontal lines can be characterized by a cantilever blade normal mode that dominates the blade motion. For instance, the lowest blade-dominated mode family is dominated by the first flexural bending mode (1F), and the second lowest blade-dominated mode family is dominated by the first torsional mode (1T). The characterization of blade-dominated mode families are listed on the right-hand side of horizontal lines in Fig. 2 , where S denotes a stripe mode and R denotes elongation in radial direction.
For this large mistuning case study, only one blade is considered to have large mistuning and all the other blades are tuned. The mistuning is introduced by changing the geometry of the blade, which is called a rogue blade in this paper. It is assumed that the geometry is known and mass density and Young's modulus are constant. Therefore, known to build a reduced-order model for large mistuning, can be obtained using the geometry. The finite element model of the rogue blade is depicted in Fig. 3 . To build a reduced-order model of a rotor with large mistuning, only the one-sector finite element model is sufficient. The attachment modes corresponding to all the DOF of the rogue blade are obtained using cyclic symmetry and the one-sector model.
The size of the resulting reduced-order model is determined by the number of tuned-system normal modes in a truncated set plus the number of attachment modes. For this large mistuning case study, a reduced-order model for the frequency range of 32-36 kHz is built and the results are compared with those of the finite element model of a full mistuned bladed disk. The frequency range for tuned-system normal modes to be employed should be selected to include 32-36 kHz. The required attachment modes are those corresponding to the nodes where ¢ and ¡ ¤ ¢ exist. For the test case, all the nodes in the blade are chosen for the attachment modes. Therefore, the model has 66 (tuned normal modes in 32-36 kHz) 7 2496 (attachment modes) DOF. Although this size is much greater than that of an ROM for the small mistuning case, it is still a reduced model compared to the full FEM with 126,846 DOF. Once a modal analysis is done for the reduced-order model, 66 normal modes of the mistuned system may be enough to compute the forced For the validation of the presented method, the convergence of natural frequencies is tested by increasing the number of tuned-system normal modes, and the forced response calculated with the ROM is compared to the FEM results. First, Fig. 4 shows the average natural frequency error versus number of tuned-system normal modes. The tested frequency ranges for the tuned-system normal mode basis are 32-36, 26-43, and 22-45 kHz, and the 66 estimated mistuned natural frequencies that exist between 32 and 36 kHz are chosen for comparison with the FEM results. As can be seen in Fig. 4 , the estimated natural frequencies converge as the number of tuned-system normal modes increases.
Next, forced responses are discussed. Since, from those of the tuned system. In the case of engine order 1 excitation, the first main peak corresponds to the 30th mode of the 66 mistuned modes in 32-36 kHz, the second peak corresponds to the 36th mode, and the third peak corresponds to the 66th mode. In the case of engine order 5 excitation, the three largest peaks correspond to the 4th, 36th mode, and 41st modes. The displacement of a node at the tip of each blade in these modes is depicted in Fig. 6 . The lines for the 30th and 66th modes are nearly sinusoidal waves of harmonic 1 along the blade numbers, and the lines for the 4th and 41st modes are nearly sinusoidal waves of harmonic 5. But, the 36th mode is extremely localized to blade 1, which is the rogue blade. One more thing to note is that the displacement of blade 1 in the 30th, 66th, 4th, and 41st modes is small relative to those of other blades. This is because the natural frequencies and mode shapes of the cantilevered rogue blade are significantly different from the others.
Small Mistuning Case Study
The CMM method can handle many different kinds of small mistuning in blades. In this paper, for simplicity, mistuning is introduced into the assembly by varying the Young's modulus of blades slightly. That is, only stiffness is mistuned. Young's modulus in a blade is determined as follows: means proportional mistuning, the natural frequencies of all the cantilevered-blade normal modes will deviate in same percentage and the mode shapes will remain same. Otherwise, the natural frequency deviation patterns will be different for each mode type, and the associated mode shapes will change.
To build a CMM-based reduced-order model of the rotor, the following two tuned finite element models are required, as depicted in Fig From the one-sector model, the tuned natural frequencies as well as the tuned mode shapes were obtained. As can be seen in Fig. 2 , numerous eigenfrequency veering regions exist. Earlier studies 11, 23 have shown that maximum amplitudes of mistuned forced responses are likely to occur in veering regions. Therefore, the ability to capture mistuned modes and natural frequencies corresponding to veering regions is one of the most important factors for assessing the performance of a modeling method. In order to validate reduced models obtained by the CMM method, the natural frequencies, mode shapes and forced responses by the CMM method are compared with those by a full finite element model. Two eigenfrequency veering regions are investigated: one is located at three nodal diameters, around 28 kHz (region1); the other is located at five nodal diameters, around 34 kHz (region 2). These veering regions are labeled in Fig. 2 .
For the studied rotor, the displacements at the blade roots are very small compared to those at the blade interior parts, such that the contribution to strain energy by boundary modes defined at the blade-disk boundary can be neglected. So, normal mode mistuning projection is sufficient for a mistuned reduced-order model. In this section, the CMM technique is validated and the effect of proportional and non-proportional mistuning on the free and forced responses of reduced-order models is investigated using this rotor model. In addition, with the rotor modified to have shrouds, structural coupling and boundary mode mistuning are discussed.
Proportional Mistuning
For the validation of the CMM technique, a mistuned Young's modulus value is introduced for each individual blade. Therefore, the percentage deviations of the natural frequencies of the cantilevered blade are the same for all modes, and the mode shapes of the tuned and mistuned blades are the same. A specific mistuning pattern for eigenvalues is used to obtain the FEM and CMM results. Table 1 shows the eigenvalue mistuning parameters and the corresponding blades.
The modeling method reported in this study starts from selecting a set of tuned-system normal modes to capture mistuned-system normal modes, and selecting a set of cantilevered-blade normal modes to describe the blade motion in the tuned-system normal modes. Since the modal density is high in the investigated regions in Fig. 2 tuned-system normal mode basis. For example, 26-29 kHz can be chosen for veering region 1. The selection of cantilevered-blade normal modes depends on the tunedsystem normal modes chosen for a basis. Next, modal participation factors need to be calculated using a sufficient number of cantilevered-blade normal modes. And then, by inspecting those factors, dominant cantileveredblade normal modes can be determined. When modal participation factors for stiffness mistuning are inspected, it should be noted that ¢ ( A (@ is pre-multiplied and post-multiplied by the corresponding modal participation factors in the mistuning projection. Therefore, even if a modal participation factor is large, it may be ignored if the corresponding natural frequency of a tuned cantilevered blade is small. Figure 8 shows the average modal participation factors multiplied by the corresponding cantilevered-blade natural frequencies versus cantilevered-blade normal modes when the lowest 30 cantilevered-blade normal modes are used to describe the blade motion in the tuned modes in the ranges 26-29 kHz, 32-36 kHz, 14-45 kHz, and 0-50 kHz.
It should be noted that the number of cantileveredblade normal modes and the corresponding mistuning patterns do not affect the size of a reduced-order model, but they can affect the accuracy. Nevertheless, a small number of mistuning values are desirable. From Fig. 8 , dominant cantilevered-blade normal modes required for accurate mistuning representation can be determined. For instance, only the 7th cantilevered-blade normal mode is dominant for the range of 26-29 kHz, because the weighted average modal participation factor of the 7th mode is much greater than the others. For the same reason, the 8th and 9th modes are dominant for the fre- This means that the eigenvalue mistuning patterns of the 7th normal mode or the 8th and 9th normal modes of cantilevered blades are enough to predict the behavior of the mistuned system at the veering region 1 or 2. It is also observed from Fig. 8 that the number of dominant cantilevered-blade normal modes increases as the frequency band for a tuned-system normal mode basis become wide.
Once tuned-system normal modes for a basis and dominant cantilevered-blade normal modes for mistuning projection are chosen, a reduced-order model by the CMM technique can be built with the mistuning values shown in Table 1 . Now, the results from the reducedorder model are compared with those from the FEM. The convergences of mistuned natural frequencies and MAC (mode assurance criteria) ratios are presented in Fig. 9 and Fig. 10 for two frequency bands: 26-29 kHz for the investigated region 1 and 32-36 kHz for the investigated region 2. Figure 9 shows the average error of the mistuned-system natural frequencies estimated by the CMM models, relative to the natural frequencies by the FEM, versus number of retained cantilevered-blade normal modes, starting from the lowest mode. Figure 10 shows the average MAC ratio between the estimated mistuned modes and the FEM mistuned modes versus number of retained cantilevered-blade normal modes. Since most tuned-system normal modes in the range of 26-29 kHz are dominated by the 7th cantilevered-blade normal mode (3F), the frequency error and MAC ratio significantly improve when the 7th cantilevered-blade normal mode is employed in the CMM model. Similarly, the frequency error and MAC ratio for the range of 32-36 kHz show great improvement when the 8th and 9th cantilevered-blade normal modes are employed. These convergence trends could be predicted from Fig. 8 (a) and (b).
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For the study of forced responses, engine order excitation is considered in the two veering regions indicated in Fig. 2 . For veering region 1, engine order 3 excitation is applied in the frequency range of 26-29 kHz, and for veering region 2, engine order 5 and 24 excitations are applied in the frequency range of 32-36 kHz. In both cases, the applied forces are unit loads which are the same as those for the large mistuning case study in section 4. The structural damping coefficient is taken to be 0.006, and the effect of aerodynamic coupling is neglected for simplicity.
The resulting tuned and mistuned forced responses of veering region 1 are shown in Fig. 11 and 12 . For the re- Fig. 11 , 34 tuned-system normal modes (26-29 kHz) are used to capture mistuned-system normal modes. Figure 12 provides the result when 106 tuned-system modes (22-34 kHz) are selected. In the case of 34 tuned-system normal modes, only the 7th cantilevered-blade normal mode is employed to project mistuning to the tuned-system normal modes. In the case of 106 tuned-system normal modes, the 6th, 7th, and 8th cantilevered-blade normal modes are used because the frequency range for the tuned-system mode basis is 22-34 kHz. Note that the maximum amplitude of the mistuned forced responses is 2.24 times larger than that of the tuned forced responses. In Fig. 11 , one can see slight differences between the FEM results and CMM results for both the tuned and mistuned responses, although the average natural frequency error is 0.0075 % and the average MAC ratio is 99.8958 % for this reduced model. This difference can be explained. All the mistuned-system natural frequencies and mode shapes estimated by the CMM model are in the range of 26-29 kHz. Hence, the effect of modes out of this frequency range is not included, and there exists a difference between CMM results and FEM results even for tuned responses. As can be seen in Fig. 12 , when a wider frequency band is chosen, the discrepancy between FEM results and CMM results decreases. But, considering only peak amplitudes at resonant frequencies, the 34-DOF CMM model results match FEM results with negligible errors.
Veering region 2 is more complicated in terms of two close blade-dominated mode families retained in the corresponding frequency range. A group of 66 tuned-system modes (32-36 kHz) are used for the CMM modeling, and the 8th (3T) and 9th (2S) cantilevered-blade normal modes are used for the mistuning projection. and that the effect of modes outside of 32-36 kHz is negligible. Note that, since the difference between engine order 5 excitation and engine order 24 excitation is only the sign of the phase angle of the force vector, the forced responses for the tuned system in both cases are same. But, for a mistuned system, the forced responses are different. The amplification factors of the maximum forced response amplitude are 1.51 for engine order 5 excitation and 1.34 for engine order 24 excitation.
Non-proportional Mistuning
In this section, non-proportional mistuning is considered. That is, mistuned blades have different eigenvalue mistuning patterns for different cantilevered-blade nor- As can be seen in Fig. 15 , the eigenvalue mistuning patterns are slightly different from each other. Thus, inaccurate results might be obtained by choosing one pattern among them, because the dynamic characteristics of a bladed disk are very sensitive to mistuning. Solution is to utilize all the mistuning patterns that are available. If there is only one blade-dominated mode family in the selected frequency band for a tuned-system normal mode basis, as in the case of the veering region 1, a single mistuning pattern may be sufficient. However, if multiple blade-dominated mode families are close and they are included in a reduced-order model, as in the case of the veering region 2, every dominant cantilevered-blade mode should have its own mistuning pattern.
The above comments are illustrated by investigating the forced response results for excitations corresponding to veering regions 1 and 2. For veering region 1, only a single eigenvalue mistuning pattern corresponding to the 7th cantilevered-blade normal mode has a dominant effect on a reduced-order model as in the proportional mistuning case. For the reduced-order model by the CMM method, 106 tuned-system normal modes (22-34 kHz) are employed for a basis. Figure 16 presents the forced responses for veering region 1 when mistuning is projected in two different ways. One way is to apply the 7th eigenvalue mistuning pattern to the 1st through 15th cantilevered-blade normal modes, which means that all the modes employed are mistuned by a single mistuning pattern. The other way is to apply the 6th through 8th eigenvalue mistuning patterns to the corresponding modes, which means that the individual modes employed are mistuned differently. It is observed that individual mode mistuning does not improve the results. This shows again that the 7th cantilevered-blade normal mode is dominant in the investigated frequency region, and, if there is only one blade-dominated mode group in the frequency range of interest, the response of a mistuned system can be predicted from a single eigenvalue mistuning pattern regardless of whether mistuning is proportional or not. The results by the CMM model are not as good as those for proportional mistuning in Fig. 12 . This is because the changes in mode shapes are neglected and Eq. (14) is employed instead of Eq. (13). But, as shown in Fig. 16 , the CMM model can find resonant frequencies and the peak values with small errors. Figure 17 and 18 show the forced responses at 32-36 kHz obtained by four different reduced-order models and by the FEM. As mentioned in the previous section, there are two blade-dominated mode groups in that range. In all four cases, 136 tuned-system normal modes (26-43 kHz) are used as a basis for the reduced-order model. But, mistuning projection is performed differently. For Fig. 17 (a) , a single mistuning pattern of the 8th cantilevered-blade normal mode is used, and for Fig. 17 (b) , a single mistuning pattern of the 9th cantilevered-blade normal mode is used. In these single mistuning pattern cases, mistuning is projected to the lowest 15 cantilevered-blade normal modes. For Fig. 18 (a) , the two mistuning patterns of the 8th and 9th cantilevered-blade normal modes are used to project the mistuning values to the corresponding cantileveredblade normal modes respectively. For Fig. 18 (b) , the six mistuning patterns of the 6th to 11th cantilevered-blade normal modes are used for mistuning projection.
As these forced response results show clearly, the reduced-order models with two eigenvalue mistuning patterns and six eigenvalue mistuning patterns predict the behavior of the mistuned system better than the other 14 American Institute of Aeronautics and Astronautics Fig. 16 : Forced response for engine order 3 excitation, as obtained by the FEM and 106-DOF CMM models: (a) with a single eigenvalue mistuning pattern of the 7th cantilevered-blade mode applied to the 1st through 15th cantilevered-blade normal modes, (b) with three eigenvalue mistuning patterns of the 6th to 8th cantilevered-blade normal mode applied to the corresponding cantilevered-blade normal modes two cases. In fact, using a single mistuning pattern leads to poor results. This shows that, when multiple blade-dominated mode groups are so close that they interact in the response of a mistuned system, all the eigenvalue mistuning patterns corresponding to the dominant cantilevered-blade normal modes are required for a reduced-order model. When the dynamic behavior of a bladed disk with a few different eigenvalue mistuning patterns is to be predicted by a reduced-order model, it can be hard to estimate . Nevertheless, the CMM technique makes it easy to project non-proportional mistuning to tuned-system normal modes. Figure 19 shows forced responses for the same frequency range as that in Fig. 18 . The difference is that the change in mode shapes are considered and Eq. (13) is employed. The eigenvalues and mode shapes of the 1st to 15th cantilevered-blade normal modes are employed, and mistuning values corresponding to the 1st through 15th cantilevered-blade normal modes are obtained. Note that the eigenvalues and mode shapes are obtained from the finite element models of the mistuned blades in this study. For Fig. 19 (a) , only the mistuning Fig. 19 (b) , the mistuning values corresponding to the 6th and the 11th cantilevered-blade normal modes are used. As can be seen, these results show better accuracy than the results in Fig. 18 (c) and (d) . This means that, when the change in mode shapes are considered, the accuracy can improves. Comparing Fig. 19 (a) and (b) , the results in Fig. 19 (b) are slightly better. But, Fig. 19 
Structural Interblade Coupling
In this section, the modeling method presented in this paper is tested using a shrouded rotor. For a test case, the unshrouded rotor in Fig. 7 is modified to have shrouds so that the obtained shrouded rotor has the same geometry, constraints, and meshing, except for the added shrouds. One sector of the test case shrouded rotor and the shrouded blade are depicted in Fig. 20 . Since the effect of shroud-to-shroud friction is not considered in 16 American Institute of Aeronautics and Astronautics In the same manner as in the previous unshrouded case, two finite element models are required to construct a CMM model: a complete one-sector model, and a blade-alone model with shrouds. For a one-sector model, cyclic constraints are applied to shroud-to-shroud interfaces as well as disk-to-disk interfaces. These cyclic constraints are easily implemented for the full-stick shroud boundary condition. However, for the full-slip boundary condition, it is impossible to apply the cyclic and slip conditions simultaneously to shroud interfaces. In order to solve this problem, the shroud boundary and cyclic boundary are separated as illustrated in Fig. 20 . This configuration requires adding to the FEA output the deflections at the left-hand shroud piece of the right-hand adjacent sector, and replacing the output portion of the left-hand shroud piece of the original sector, because the mode shapes to be obtained from the one-sector model should be described by cantilevered-blade normal modes obtained from the shrouded blade-alone model.
The tuned-system natural frequencies versus number of nodal diameters are depicted in Fig. 21 , as obtained from a finite element analysis of the one-sector models. Obviously, the steep lines to the left in Fig. 21 correspond to disk-dominated modes, as in the case of unshrouded rotors. However, the lines to corresponding to blade-dominated modes are not as horizontal as in the case of unshrouded rotors. This is because the blades are directly coupled by shrouds, and therefore, the dynamic stiffness increases as the number of nodal diameters increases. But, if the motion of a blade conforms to the motion of the shrouds, the effect of this stiffening can decrease. For example, the natural frequencies in the second torsional mode family (2T) of the full-stick shroud interface case in Fig. 21 decrease after nine nodal diam- eters. This stiffening effect makes it difficult to predict mistuned-system normal modes of a shrouded rotor relative to an unshrouded rotor because the modal density of a shrouded rotor is not as high. That is, since the modes are not closely spaced, more tuned-system normal modes are required to capture mistuned-system normal modes than for the case of a unshrouded rotor. However, there still exist the regions of high modal density. Two regions are chosen to be studied; one is located at six nodal diameters around 20 kHz for fullslip shrouds (region 3), and the other is located at twelve nodal diameters around 25.5 kHz for full-stick shrouds (region 4). For these two regions, forced responses are obtained by CMM models and FEMs, and they are compared to validate CMM models.
For a blade-alone model, there are two kinds of structural boundaries. One is the disk-blade boundary and the other is a shroud-to-shroud boundary. The displacements at the disk-blade boundary are very small as in the case of the unshrouded model. But, the displacements at the shroud-to-shroud boundaries are not negligible. So, two different cantilevered blade models are available. One is a free-shroud model in which the disk-blade boundary is set to be fixed and the shroud-to-shroud boundaries are set to be free. The other is a fixed-shroud model in which all the boundaries are fixed.
A free-shroud model may not describe well the motion around the shroud-to-shroud boundaries, and the number of cantilevered-blade normal modes required to project mistuning can be more than that for a fixedshroud model. But, since the displacements at the diskblade boundary are very small, the effect of the mistuning corresponding to the boundary modes can be ignored, and normal-mode mistuning projection can be 17 American Institute of Aeronautics and Astronautics (13) and (14) can be used for a freeshroud model, and individual mode mistuning is allowed.
A fixed-shroud model can describe better the blade motion. However, the boundary modes should be included for the mistuning projection in a CMM model, and only Eq. (12) is available. Since it is not practical to obtain the boundary mode mistuning values by measurements, actual non-proportional mistuning cannot be correctly implemented into an ROM. Nevertheless, if proportional mistuning is assumed, a fixed-shroud model will give better results than those of a free-shroud model. In order to compare these two kinds of blade-alone models with shrouds, proportional mistuning is introduced, Table 1 is used.
For the mistuned-system normal modes around 20 kHz of the shrouded rotor with slip-conditioned shrouds, 36 tuned-system normal modes (19-23 kHz) are chosen for a basis. For the mistuned-system normal modes around 25.5 kHz of the shrouded rotor with stickconditioned shrouds, 59 tuned-system normal modes (23-29 kHz) are chosen. Then, the modal participation factors of cantilevered-blade normal modes can be obtained using a free-shroud cantilevered blade and a fixedshroud cantilevered blade. The average modal participation factors weighted by the corresponding natural frequencies are displayed in Fig. 22 . It can be seen that the modal participation factors of the higher modes in the free-shroud case (Fig. 22 (a) and (b) ) are not as small as in the fixed-shroud case (Fig. 22 (c) and (d) ). This is because more of the higher cantilevered-blade normal modes are required to describe shroud boundary motion. Yet, the lower modes are still more important.
The convergence of mistuned-system natural frequencies are tested by increasing the number of cantileveredblade normal modes used in the description of tunedsystem normal modes. The results are shown in Fig. 23 . Both the free-shroud and the fixed-shroud models are tested with full-slip and full-stick boundary conditions. Only when the fixed-shroud model is employed, boundary mode mistuning projection is included. The fixedshroud model shows a fast convergence rate, while the convergence rate of the free-shroud model is slower after several modes are included.
For forced responses, unit loads are applied at the same locations as in the study of the previous unshrouded rotor. Engine order 6 excitation is considered for the fullslip shroud case, and engine order 12 excitation is considered for the full-stick shroud case. For both cases, the lowest 15 cantilevered-blade normal modes are employed for normal mode mistuning projection. The resulting forced responses are shown in Fig. 24 and 25 .
Although the results for the shrouded rotor are less accurate than those of the previous unshrouded rotor, the errors in resonant frequencies and magnitudes of responses are acceptable, considering that the modal density is not as high as that of an unshrouded rotor. As can be predicted from Fig. 23 , the fixed-shroud model leads to obviously better results than does the free-shroud model. So, for the test-case shrouded rotor, restraining the shroud-to-shroud boundary and using boundary mode mistuning projection is the most appropriate approach. But, if mistuning is non-proportional, a freeshroud model should be considered.
Conclusions
A general reduced-order model (ROM) for a mistuned system has been developed by dividing a mistuned system into a tuned system and virtual mistuning components, regardless of the amount of mistuning. The model employs tuned-system normal modes and attachment modes to represent mistuned-system normal modes. From the general ROM, a compact ROM for a bladed disk with small blade mistuning has been also developed by the component mode mistuning (CMM) method, in which a mistuning projection is performed using the modal participation factors of cantilevered-blade component modes.
In the CMM method, the finite element models of a tuned sector and a tuned cantilevered blade are required. Cantilevered-blade normal modes and boundary modes are employed to describe the blade motion of the tunedsystem normal modes that are obtained from the onesector model. Thereby, mistuning values in the modal domain of the cantilevered-blade component modes are projected onto the tuned-system normal modes. Since the boundary modes in this paper are defined to minimize the corresponding modal mistuning values, the boundary modes can be neglected when the mistuning values in the elements near the boundaries are much smaller than those in the interior elements, or when the displacements at the boundaries in the tuned-system normal modes are much smaller than those at the interior part of a blade. Therefore, in many cases, modal mistuning values corresponding to cantilevered-blade normal modes are sufficient to predict the response of a mistuned system. This means that the implementation of actual arbitrary mistuning in an ROM is efficiently achieved. The modal mistuning values corresponding to cantileveredblade normal modes can be computed easily, relative to the mistuning values in the physical domain from the natural frequencies and mode shapes of mistuned blades, as demonstrated in section 3.2.
The modal participation factors of the cantileveredblade normal modes for the description of the blade motion in the tuned-system normal modes are also used for the implementation of aerodynamic coupling. Aerodynamic effects are represented by aerodynamic coefficients in complex cyclic modal coordinates of cantilevered-blade normal modes. Thereby, the aero-dynamic coefficients can be projected onto the tunedsystem normal modes.
The general ROM was validated using an industrial turbomachinery rotor with a rogue blade obtained by changing the blade geometry. It was observed that the estimated natural frequencies of the mistuned rotor converge rapidly as the selected number of tuned-system normal modes is increased. Also, the forced response results from the ROM (2,632 DOF) and the full finite element model (126, 846 DOF) show very good agreement.
The CMM method for small blade-mistuning was also validated using the same industrial rotor for proportional and non-proportional stiffness mistuning cases. By inspecting the modal participation factors, it was found that there are dominant cantilevered-blade modes that are sufficient for mistuning representation by themselves. For proportional mistuning, a single eigenvalue mistuning pattern was sufficient for mistuning implementation. For non-proportional mistuning, the mistuning values corresponding to individual dominant cantilevered-blade modes were required when two blade-dominated mode groups were close. Selecting just one eigenvalue mistuning pattern produced poor results.
Structural interblade coupling was investigated in the view of the application of the CMM method, using a shrouded rotor obtained by modifying the original industrial rotor in which proportional mistuning was introduced. The CMM models obtained from two different blade-alone models (free-shroud and fixed-shroud model) were compared. For the free-shroud model, boundary-mode mistuning was neglected, as in unshrouded rotor cases. For the fixed-shroud model, boundary-mode mistuning was included, and the effect of mistuning was captured better. However, it should be noted that, if mistuning is non-proportional, only the free-shroud model can be used.
Since a tuned bladed disk is a structure of cyclic symmetry, a full system mode can be represented by a mode for one sector in cyclic coordinates and its harmonic number. Therefore, once the modal participation factors for the blade portion of a cyclic one-sector mode are obtained, all the factors for the corresponding full system mode in physical coordinates can be easily computed.
Tuned-system normal modes can be obtained from a one-sector finite element model as 
